Abstract. We derive various pinching results for small Dirac eigenvalues using the classification of spin c and spin manifolds admitting nontrivial Killing spinors. For this, we introduce a notion of convergence for spin c manifolds which involves a general study on convergence of Riemannian manifolds with a principal S 1 -bundle. We also analyze the relation between the regularity of the Riemannian metric and the regularity of the curvature of the associated principal S 1 -bundle on spin c manifolds with Killing spinors.
Introduction
Eigenvalue pinching on closed manifolds is an important and widely studied topic in Riemannian geometry. It gives insight into the relation between the spectrum of an operator and the topology of the manifold. One of these studied operators is the Dirac operator on spin and spin c manifolds. For example, Ammann and Sprouse have shown in [AS07, Theorem 1.8] that a spin manifold M with r(n) Dirac eigenvalues close to the Friedrich bound and an appropriate lower bound on the scalar curvature implies that M is diffeomorphic to a manifold of constant curvature. Here r(n) = 1 if n = 2, 3 and r(n) = exp(log(2)( n 2 −1))+1 if n > 3. The limit case of the Friedrich inequality only contains spin manifolds with real Killing spinors whose geometry was described by Bär [Bär93] [Hij86] ). Hence, Ammann and Sprouse conjectured that [AS07, Theorem 1.8] should also be valid with a lower valuer(n) < r(n).
This problem was considered by Vargas [Var07] . He introduced the concept of almost Killing spinor sequences which describes a sequence of spinors together with a sequence of metrics on a spin manifold converging to a nontrivial Killing spinor. Studying the convergence of this sequence and combining it with Gromov's compactness theorem for manifolds he derived an improved version of [AS07, Theorem 1.8] for simply-connected spin manifolds, [Var07, Theorem 5.4 .1].
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In this paper we define almost Killing spinors sequences on the larger class of spin c manifolds. These will be used to derive pinching results on spin c and spin manifolds with small spinorial Laplace eigenvalues or Dirac eigenvalues close to the Friedrich bound.
After recalling the basic definitions and properties of spin c manifolds and Killing spinors, we shortly explain how to identify spinors of different metric spin c structures following [BG92] in Section 3. In Section 4 we will define almost Killing spinor sequences on spin c manifolds. One of the main points we need to deal with is to derive an applicable notion of convergence of spin c manifolds. As the spin c structure depends on an associated principal S 1 -bundle we first study the convergence of principal S 1 -bundles with connection over closed Riemannian manifolds. This leads to one of the main results of this paper.
Theorem 4.4. Let (P j , A j ) j∈N be a sequence of principal S 1 -bundles with connection over a fixed compact Riemannian manifold (M, g). For each j let Ω j be the 2-form representing the curvature of A j . If there is a non-negative K such that Ω j C k,α ≤ K for all j, then for any β < α there are a principal S 1 -bundle P with a C k+1,β -connection A and a subsequence, again denoted by (P j , A j ) j∈N together with principal bundle isomorphisms Φ j : P → P j such that Φ * j A j converges to A in the C k+1,β -norm
Afterwards we define almost Killing spinor sequences on spin c manifolds and study their convergence behavior.
In Section 5 we analyze the regularity of spin c manifolds with Killing spinors as spin c manifolds with a Killing spinor are, in contrast to the spin case, in general not Einstein. We show that the existence of a nontrivial Killing spinor leads to an equation for the Ricci curvature of the manifold. Using harmonic coordinates we conclude with the results of [DK81] :
Theorem 5.4. Let (M, g) be a Riemannian spin c manifold with a C 1,α -metric g, C l,α -curvature form Ω on the associated principal S 1 -bundle P , l ≥ 0, and a nontrivial Killing spinor ϕ. Then g is C l+2,α in harmonic coordinates.
Outgoing from Theorem 4.4 we define the space M S 1 (n, Λ, i 0 , d, K), see Definition 4.7, and prove in Section 6 Proposition 6.1. Let Λ, i 0 , d, K and k be given positive real numbers, µ a given real number and n a given natural number. Let (M, g) be a spin c manifold in M S 1 (n, Λ, i 0 , d, K). For every δ > 0 there exists a positive ε = ε(n, Λ, i 0 , d, K, k, µ, δ) > 0 such that λ k ( ∇ µ * ∇ µ ) < ε implies that (M, g) has C 1,α -distance smaller than δ to a spin c manifold with k linearly independent Killing spinors with Killing number µ. Furthermore, g is at least C 2,α in harmonic coordinates.
This proposition is the basis for all pinching results in this section. For µ = 0 we combine this proposition with the geometric description of spin c and spin manifolds with parallel spinors obtained in [Wan89] , [Wan95] and [Mor97] .
Using the Schrödinger-Lichnerowicz formula we prove a similar result to Proposition 6.1 for Dirac eigenvalues which leads again to eigenvalue pinching results for Dirac eigenvalues close to the Friedrich bound. For example, we show that even resp. odd dimensional simply-connected spin c manifolds with one resp. two Dirac eigenvalues close to the Friedrich bound are already spin. Combining this with the geometric description of spin manifolds with real Killing spinors in [Bär93] we show that simply-connected spin c manifolds with a specified number of Dirac eigenvalues close to the Friedrich bound are already diffeomorphic to the sphere.
As an application of our results, we show in Section 7 that using [DWW05, Theorem 3.1], the absolute value of the Killing number of a real Killing spinor is bounded from below by a positive constant in the class of n-dimensional Riemannian manifolds with bounded Riccicurvature and diameter and with injectivity radius bounded from below by a positive constant. Definition 2.1 (spin c structure). Let ξ : GL(n) → GL(n) denote the nontrivial two-fold covering of GL(n) and set
A manifold M with frame bundle P GL M admits a topological spin c structure if there is a principal S 1 -bundle P such that there exists a principal GL c -bundle P GL c M that is a two-fold covering of P GL M × P compatible with the associated two-fold group covering.
On a Riemannian manifold (M, g) a metric spin c structure is the preimage of P SO M × P of the topological spin c structure, where P SO M consists of positive oriented orthonormal frames of T M. This preimage defines a principal Spin c -bundle P Spin c M with
Since any metric spin c structure extends uniquely to a topological spin c structure, they have the same equivalence classes. We now introduce spinors on a spin c manifold as sections of the spin
c representation on the complex vector space Σ n . The spin c bundle Σ c M is endowed with a natural Hermitian inner product.
A connection ∇ A on Σ c M is determined by a lift of the Levi-Civita connection of (M, g) together with a connection 1-form A on P to Σ c M. The Hermitian inner product and Clifford multiplication is parallel with respect to ∇ A . The spinorial Laplacian is defined as
On the other hand, the Dirac operator is defined by its action on spinors ϕ, given by
ϕ in any orthonormal frame (e 1 , . . . , e n ). These two operators are closely related by the Schrödinger-Lichnerowicz formula.
for all spinors ϕ, where Scal denotes the scalar curvature of the manifold. Here Ω = −iF A ∈ Γ(Λ 2 T * M), where F A is the curvature of the connection 1-form A. The action of a k-form ω on a spinor ϕ is defined by
in any orthonormal frame (e 1 , . . . , e n ).
At this point, we remark that any spin manifold is spin c . To see this, take the trivial principal S 1 -bundle P and extend the spin bundle via the inclusion Spin(n) ֒→ Spin c (n). By choosing A = 0 the spinorial connection extends canonically to the spin c bundle Σ c M. Thus, all results stated for spin c manifolds are also valid for spin manifolds. As mentioned in the introduction we are mainly interested in Killing spinors. A spinor ϕ is called a Killing spinor if there exists a complex number µ such that ∇ A X ϕ = µX · ϕ for any vector field X. The number µ is called Killing number. Obviously, D A ϕ = −µnϕ. Starting from the identity
which holds for any vector field X and spinor ϕ in any orthonormal frame, we obtain the following relation for Killing spinors.
Lemma 2.2. Let ϕ be a Killing spinor with Killing number µ. Then
for all vector fields X, Y .
In particular, any Riemannian spin manifold (M, g) admitting a Killing spinor with Killing number µ is Einstein with Ric = 4µ 2 (n−1)g. Another interesting aspect of Killing spinors is that they correspond to the limit case of the Friedrich spin c inequality for Dirac eigenvalues.
Theorem 2.3 (Friedrich spin c inequality). On a compact Riemannian spin c manifold (M, g) the square of any eigenvalue λ of D A is bounded from below by For later use we modify the connection ∇ A in the following way:
Definition 2.4 (Friedrich connection). The Friedrich connection associated to µ ∈ C is defined as Lemma 2.5. For any real number µ and any spinor ϕ 
Since the topological spin c structure on M is fixed, both induced metric spin c structures are build with the same principal S 1 -bundle P . Therefore, the map
). This induces the following isomorphism of spin c bundles.
. Now we want to compare the action of the Levi-Civita connections
Assuming M to be spin c the spinorial connection ∇ Ag on Σ c g M is built with the connection 1-form A g on P and the spinorial connection on Σ c h M with the connection 1-form A h . Define the connection ∇
. Proposition 3.2. Given two metrics g and h on a fixed n-dimensional spin c manifold M, there is a positive constant C(n) such that
vector fields X and spinors ϕ.
Proof. Let (e 1 , . . . , e n ) be a local orthonormal frame with respect to h. Then any vector field can be written as Y = n a=1 y a e a . For the comparison of the associated spinorial connections we need to choose a local section s of P . Using the local structure of spinorial connections, see for instance [Fri00, p. 60], we find
, for all vector fields X and spinors ϕ. The last inequality follows from Lemma 3.1.
Remark 3.3. Similarly, one proves that for any two given Riemannian metrics g and h on an n-dimensional manifold there is a positive constant
Convergence
The goal of this section is to understand the convergence of almost Killing spinor sequences on spin c manifolds. For this we need to establish a notion of convergence for spin c manifolds. Since spin c structures are built over the product of the frame bundle and a given principal S 1 -bundle we first need to develop a notion of convergence for sequences of manifolds with principal S 1 -bundles. This will be the content of Section 4.1. There we show that a convenient uniform bound on the curvature of the principal S 1 -bundle leads to the existence of a subsequence such that the corresponding connection 1-forms converge after suitable choices of gauge transformations. Combining this with the known compactness results of manifolds we derive a useful notion of convergence.
In Section 4.2, we define almost Killing spinor sequences on spin c manifolds. By the convergence results of Section 4.1 it is enough to consider a manifold with a fixed topological spin c structure. Therefore, we only need a few modifications due to the chosen connection 1-form A on the principal S 1 -bundle.
4.1. Convergence of principal S 1 -bundles. The goal of this section is to establish a general notion of convergence for principal S 1 -bundles with connection. Note that we do not assume the manifold to be spin c . First we show that for a suitable bound on the curvature of the principal S 1 -bundle there are only finitely many possibilities of isomorphism classes of principal S 1 -bundles satisfying it. Thus, we can focus on a sequence of connection 1-forms on a fixed principal S 1 -bundle where we obtain a converging subsequence by applying suitable gauge transformations.
In the beginning, we recall the basic classification results for principal S 1 -bundles. For more details see e.g. [Bla10, Chapter 2] and [Bry08, Chapter VI]. These results are the main ingredient to prove the desired convergence results.
Although this section does not require manifolds to be spin c , we will stick to the notation used so far. Recall the following terminology: Two principal S 1 -bundles P and P ′ together with connections A resp. A ′ are isomorphic with connections if there is a principal bundle isomorphism Φ :
Isomorphism classes of principal S
1 -bundles as well as gauge equivalence classes are classified by theČech-cohomology of the underlying base manifold M. Especially the classification of isomorphism classes is a well-known result which we restate here.
Theorem 4.1. Let M be a compact manifold. Then there is a bijection between theČech-cohomology groupȞ 2 (M, Z) and the isomorphism classes of principal S 1 -bundles over M.
Let P be a principal S 1 -bundle over a compact manifold M. Then P defines a unique class inȞ 2 (M, Z). This class is called the first Chern class of P .
The curvature of a connection 1-form A on P is given by a closed 2-form Ω on M, namely dA = F A = iΩ. Ω] is independent of the choice of the connection 1-form A on P . Thus, it depends only on the isomorphism class of the principal S 1 -bundle. As mentioned in the introduction, we want to show that there is a suitable bound on the curvature such that there are only finitely many principal S 1 -bundles up to isomorphism satisfying it. For this recall from Hodge theory that on a compact Riemannian manifold (M, g) each de Rham class [ω] admits a unique harmonic representative ω. Moreover, ω minimizes the L 2 -norm in the class [ω] . In addition, the projection from closed to harmonic forms is continuous in L 2 . Thus, it is a natural choice to assume an L 2 -bound on the curvature for our purpose .
The de Rham class [−
Lemma 4.2. Let (M, g) be a compact Riemannian manifold and K a fixed non-negative number. Then there are only finitely many isomorphism classes of principal S 1 -bundles P with connection over M whose curvature satisfies Ω L 2 ≤ K.
Proof. By Theorem 4.1 the isomorphism classes of principal S 1 -bundles over M are classified byȞ 2 (M, Z). By the universal coefficient theorem, we haveȞ
where T 1 is the torsion ofȞ 1 (M, Z) which is finite, and b 2 (M) the second Betti number of M. Furthermore, the kernel of the homeomorphism h :
is an integral class, i.e. it lies in the image of h.
Thus, the set of isomorphism classes of principal bundles whose curvature satisfies Ω L 2 ≤ K is given by h −1 (C), where
Here ω denotes the unique harmonic representative of
, with H 2 (M) denoting the space of harmonic 2-forms, is a finite dimensional vector space and the projection from closed to harmonic forms is continuous in L 2 , it follows that C is compact. In particular, Im(h) ∩ C is compact, hence finite. Since the kernel of h is also finite the claim follows.
We recall now the characterization of the gauge equivalence classes of connections on a fixed principal S 1 -bundle P over M which can be found in the standard literature.
Theorem 4.3. For a fixed principal S 1 -bundle P over a compact Riemannian manifold M two principal connections are gauge equivalent if and only if their difference is represented by a closed integral 1-form. In particular, the space of gauge equivalence classes of connections with fixed curvature Ω is given by the Jacobi torusȞ
Using this theorem we are able to prove the following convergence result. However, note that we will in general not obtain C ∞ -convergence. Therefore, we establish here the following notion: A connection 1-form A is called C k,α if its associated Christoffel symbols are C k,α . Further on, we only consider α ∈ (0, 1).
Theorem 4.4. Let (P j , A j ) j∈N be a sequence of principal S 1 -bundles with connection over a fixed compact Riemannian manifold (M, g). For each j let Ω j be the 2-form representing the curvature of A j . If there is a non-negative K such that Ω j C k,α ≤ K for all j, then for any β < α there are a principal S 1 -bundle P with a C k+1,β -connection A and a subsequence, again denoted by (P j , A j ) j∈N together with principal bundle isomorphisms Φ j : P → P j such that Φ * j A j converges to A in the C k+1,β -norm Proof. Since the C k,α -norm of the curvatures of the principal S 1 -bundle P j is uniformly bounded in j, the L 2 -norm of the curvatures is also uniformly bounded. Applying Lemma 4.2 we conclude that this sequence of principal S 1 -bundles only contains finitely many isomorphism classes. Hence, we find a subsequence (P j , A j ) j∈N such that there is for each j an isomorphism Ψ j : P j → P for some fixed P . Therefore, it is Using that the connections on P form an affine space over Γ(Λ 1 T * M), we will fix A 1 as a reference connection. The difference Ψ * j A j − Ψ * 1 A 1 is given by a unique iη j with η j ∈ Γ(Λ 1 T * M). We will apply the Hodge decomposition various times and show for each part separately how we obtain a converging subsequence.
Since P is fixed − 1 2π
By our assumptions on the curvatures there is a positive constant K such that dζ j C k,α ≤ K uniformly j.
By Hodge decomposition we can choose ζ j = δξ j for some closed 2-form ξ j which is orthogonal to ker(∆) in L 2 . Thus, dζ j = ∆ξ j . By Schauder's estimate we find a positive constant C such that for all j
For any β < α there is a subsequence (ξ j ) j∈N converging in C k+2,β . Thus, (δξ j ) j∈N converges in C k+1,β . In general, the limit is not smooth. For each j the connections Ψ * j A j and Ψ * 1 A 1 + iδξ j have the same curvature. Thus, for each j, there is a unique closed 1-form η j such that
Again we apply the Hodge decomposition and obtain for each j a smooth function f j and a harmonic 1-form ν j such that
If df j = 0 we apply the gauge transformation G j = e −if j and obtain
we need to find a subsequence and suitable gauge transformations such that the remaining harmonic parts converge. To obtain these we take a closer look at the classification of connections on a principal S 1 -bundle. By Theorem 4.3, the gauge equivalence classes of connections for a fixed curvature form are classified by the Jacobi toruš
. By Hodge theory, there is exactly one harmonic representative in each de Rham class. SinceȞ 1 (M, Z) has no torsion elements it is embedded in H 1 (M, R) via theČech-de Rham isomorphism. Hence, we obtain the quotient of harmonic forms divided by harmonic integral forms which is isomorphic to the torus T b 1 (M ) . As the projection from closed to harmonic forms is continuous in L 2 the Jacobi torus is compact in the L 2 -topology. The sequence (ν j ) j∈N induces a sequence in the Jacobi torus. Since it is a compact quotient in the L 2 -topology there is a subsequence of harmonic representatives ( ν j ) j∈N converging in L 2 to a smooth harmonic 1-form ν. Note that each ν j is equivalent to ν j . By standard elliptic estimates it follows that ( ν j ) j∈N converges in C l for any l > 0. Taking the corresponding gauge transformations H j , we obtain the sequence
Remark 4.5. Similarly a uniform upper bound on the W k,2 -norm of the curvature leads to a W l+1,2 -converging subsequence of the underlying connection 1-forms for any l < k.
This theorem shows that the space of principal S 1 -bundles over a fixed compact Riemannian manifold (M, g) with a uniform bound on the C k,α -norm of the curvature is "precompact in the C k+1,β -topology" for any β < α. Now we also want to vary the base manifold (M, g). 
is compact in the C 1,α -topology for any α ∈ (0, 1). Furthermore, the subspace consisting of Einstein manifolds is compact in the C ∞ -topology.
Combining this class of manifolds with the assumptions in Theorem 4.4 we define the following class of manifolds with principal S 1 -bundles.
admits a subsequence, again denoted by (M j , g j , P j , A j ) j∈N , such that for any α ∈ (0, 1) there is a principal S 1 -bundle P over a closed Riemannian manifold M with a C 1,α -metric g and a C 1,α -connection A such that for each j there is a principal bundle isomorphism
1,α by Theorem 4.6. By pulling back each element in (M j , g j , P j , A j ) j∈N with the diffeomorphism φ j we obtain a sequence of metrics and principal S 1 -bundles with connections over a fixed compact manifold M which we call (M, g j , P j , A j ) j∈N for simplicity.
We fix the initial metric g 1 as our background metric. Applying Theorem 4.4 to the sequence (P j , A j ) j∈N viewed over (M, g 1 ) we obtain a subsequence together with principal bundle isomorphism Ψ j : P → P j such that Ψ * j A j converges in C 1,α (g 1 ). Since (g j ) j∈N converges to g in C 1,α the claim follows.
4.2. Almost Killing spinor sequences. An almost Killing spinor sequence describes a converging sequence of metrics on a fixed spin manifold together with a sequence of spinors converging to a nontrivial Killing spinor. This concept was first introduced for spin manifolds in [Var07] . We extend it to spin c manifolds. By the results of Section 4.1, it is enough to look at manifolds with fixed topological spin c structure.
Definition 4.9 (Almost Killing spinor sequence). Let (M, g j , P, A j ) j∈N be a sequence on a fixed Riemannian spin c manifold whose topological spin c structure is built with P such that (g j ) j∈N converges in C 1 and
is an almost Killing spinor sequence if there exists a real µ and a vanishing sequence (ε j ) j∈N such that
In the end, we want to show that an L 2 -normalized almost Killing spinor sequence converges strongly in W 1,2 to a nontrivial Killing spinor. Since we only need the embedding
to be compact these convergence results apply to any Riemannian spin c manifold on which the Sobolev embedding theorems hold.
Since almost Killing spinor sequences are defined via the Friedrich connection we define the norm
. This norm is equivalent to the Sobolev norm
. The next two results generalize Lemma 4.5.1 and Theorem 4.5.2 in [Var07] . We follow the original proofs and generalize them to the spin c case.
Lemma 4.10. Let (ϕ j ) j∈N be an almost Killing spinor sequence. Then β
, where β g j g is the endomorphism field relating g j with g. Moreover, lim j→∞ β
we only need to prove that β
g converges to the identity in C 1 . Similarly we obtain the estimate β
. Now we need an upper bound on the second part of · W 1,2
for all vector fields X and spinors ψ. We estimate further
where we applied Proposition 3.2 and used the C 1 -convergence of β
This lemma together with the Sobolev embedding theorem leads to the following convergence result in W 1,2 generalizing [Var07, Theorem 4.5.2] which we just state, as the proof is the same.
Proposition 4.11. Any L 2 -normalized almost Killing spinor sequence admits a subsequence converging strongly in
Regularity
In this section we study the relation between Killing spinors and the regularity of the Riemannian metric g and the connection 1-form A. We mostly use elliptic regularity.
We start by observing that the regularity of a Killing spinor depends on the regularity of the connection ∇ A and therefore on the regularity of the metric g and the connection 1-form A. A Killing spinor with Killing number µ lies in the kernel of the elliptic second order operator ∇ µ * ∇ µ whose coefficients contain the first derivatives of the coefficients of g and A. Therefore we apply elliptic regularity and obtain:
Proposition 5.1. Let (M, g) be a Riemannian spin c manifold with g and A being
Recall that any Riemannian spin manifold admitting a nontrivial Killing spinor is Einstein. Therefore, its metric is real analytic in harmonic coordinates by [DK81, Theorem 5.2]. However, on Riemannian spin c manifolds with a Killing spinor the Ricci curvature is given by the identity in Lemma 2.2. We use the rest of this section to study the relation between the regularity of A, or more precisely the regularity of its curvature form Ω = −iF A , and the regularity of the metric g on a spin
c manifold with a Killing spinor in harmonic coordinates. Since we want to include C 1,α -metrics we need to generalize the required equations to a weak context. In particular, we want to obtain an analogue of Lemma 2.2 for C 1,α -metrics. As the Ricci curvature and the spinorial curvature involve second derivatives of the metric we need to redefine these objects in a weak context. Further on, ., . U denotes the pairing between a distribution and a test function compactly supported on U ⊂ M.
Using the coordinate description of the Ricci curvature (see [DK81, Lemma 4.1]) and Stokes' theorem we define a weak version of the Ricci curvature as follows. In a local chart U with coordinate vector fields (∂ 1 , . . . , ∂ n ) the weak Ricci curvature acts on a test function η ∈ C Ric ab , X a Y a η U .
Here X = n a=1 X a ∂ a and Y = n a,b=1 Y a ∂ a are local vector fields. The right hand side is defined by
where √ g denotes the square root of the determinant of the metric g in these coordinates and Q ab denotes a quadratic form depending only on g and its derivatives ∂g.
For the spinorial curvature, we again use Stokes' theorem to obtain a weak version. Since the inner product on Σ c M is Hermitian, we consider each entry separately. This leads to the following definition for the weak spinorial curvature for vector fields X, Y , and a spinor
in any local chart U of M. Here we setψ := √ gψ. Now, we show that the relation (2) in Section 2 between Ricci and spinorial curvature also holds in the weak context. This generalizes Lemma 3.4.1 in [Var07] .
Lemma 5.2. On a Riemannian spin
c manifold M with a C 1 -metric g and
in any orthonormal frame (e 1 , . . . , e n ). Similarly,
Proof. We integrate equation (2) in Section 2 against a test spinor
for any Riemannian spin c manifold with a C 2 -metric and Ω being C 0 . We rewrite the left hand side as
and the first term on the right hand side of (4) as
to obtain the desired identity. Each term is well defined for C 1 -metrics and spinors but so far we only know that this identity holds for C 2 -metrics. Let C 1 (Met(M)) denote the class of C 1 -metrics. Now, we consider each term separately as a map:
By Appendix B in [Var07] , W R A and W Ric are continuous in the C 1 -topology. The proofs are given for spin manifolds but extend easily to the spin c case. The continuity in the C 1 -topology of W Ω in the first two variables is obvious. A short calculation using the identification of spin c structures with Ω explained in Section 3 shows that W Ω is also C 1 -continuous in the third variable. Since smooth sections are dense in the considered domains the claim follows. , Ω being C 0 and a nontrivial Killing spinor ϕ with Killing number µ. Then
for any η ∈ C ∞ c (U) and 1 ≤ a, b ≤ n in any local chart U with coordinate vector fields (∂ 1 , . . . , ∂ n ).
Proof. On Riemannian spin
c manifolds with a C 2 -metric
Using the same method as in the proof of Lemma 5.2, we conclude that for C 1 -metrics we have
for any test function η ∈ C ∞ c (U), spinor ϕ, and 1 ≤ a, b ≤ n. By Lemma 5.2, we first study how the weak spinorial curvature acts on a Killing spinor ϕ with Killling number µ. A short calculation shows that
for any vector fields X and Y and test spinor ψ ∈ C 1 c (Σ c M |U ). Inserting this into Lemma 5.2 we obtain
A similar calculation leads to
Since ϕ is a nontrivial Killing spinor it never vanishes. Thus, inserting these two identites into (5) finishes the proof. Now, we switch to harmonic coordinates in which g → Ric(g) is an elliptic operator of second order. Applying elliptic regularity leads to:
Theorem 5.4. Let (M, g) be a Riemannian spin c manifold with a C 1,α -metric g, a C l,α -curvature form Ω on P , l ≥ 0, and a nontrivial Killing spinor ϕ. Then g is C l+2,α in harmonic coordinates.
Proof. Let (x 1 , . . . , x n ) be harmonic coordinates in U ⊂ M. Then the components of the Ricci tensor are given by
By Lemma 5.3 g ab is a weak solution of the elliptic differential equation.
where we set
Note that ϕ is C 2,α by Proposition 5.1. Therefore f ab is C 0,α by our assumptions. By elliptic regularity (cf. [Mor66, Theorem 6.4.3]), g ab is in fact C 2,α in harmonic coordinates for all 1 ≤ a, b ≤ n. In particular, the Ricci tensor is now well-defined by
[DK81, Theorem 4.5 b)] and bootstrapping finish the proof, since in the right-hand side the best regularity that can be reached is C l,α .
Remark 5.5. In normal coordinates g is C l,α by [DK81, Theorem 2.1].
Eigenvalue pinching
Recall that Killing spinors characterize the limit case of the Friedrich spin c inequality. Furthermore, simply connected spin c manifolds and spin manifolds admitting nontrivial Killing spinors are completely described in [Wan89] , [Wan89] , [Bär93] and [Mor97] . We will combine these two facts to obtain pinching results for Dirac eigenvalues close to the lower bound given by the Friedrich spin c inequality (3). The pinching results will be proven by contradiction using the convergence results of Section 4.
First, we start to pinch eigenvalues of the Friedrich Laplacian ∇ µ * ∇ µ . This result is the basis of the pinching results in this section.
Proposition 6.1. Let Λ, i 0 , d, K and k be given positive real numbers, µ a given real number and n a given natural number. Let (M, g) be a spin c manifold in
1,α -distance smaller than δ to a spin c manifold with k linearly independent Killing spinors with Killing number µ. Furthermore, g is at least C 2,α in harmonic coordinates.
Proof. Assume the theorem to be wrong. Thus, we obtain a sequence (M j , g j , P j , A j ) j∈N of Riemannian spin c manifolds (M i , g i ) with principal S 1 -bundles P j with connection 1-forms A j such that we have λ k ( ∇ µ,A j * ∇ µ,A j ) < ε j for a vanishing sequence (ε j ) j∈N and such that each (M j , g j ) is at least δ far to any spin c manifold with k linearly independent Killing spinors with Killing number µ in the C 1,α -topology. By Theorem 4.8 we obtain a subsequence (M, g j , P, A j ) j∈N for some fixed spin c manifold M and a principal S 1 -bundle P such that the metrics g j and the connection 1-forms A j converge in C 1,α . Since for a fixed principal S 1 -bundle on M there are only finitely many equivalence classes of spin c structures we can choose a subsequence, such that all elements have the same topological spin c structure. For each j let ϕ Now, we turn our attention to the special case of spin manifolds. Recall that the existence of a nontrivial Killing spinor with Killing number µ implies that the underlying spin manifold is Einsittein with Einstein constant 4µ 2 (n − 1). Since spin manifolds are a special case of spin c manifolds, the same conclusion holds.
Proposition 6.2. Let Λ, i 0 , d and k be given positive numbers, mu a given real number and n a given natural number. Then for any δ > 0 there is a positive ε = ε(n, Λ, i 0 , d, k, µ, δ) such that any spin manifold in M(n, Λ, i 0 , d) with λ k ( ∇ µ * ∇ µ ) < ε has a C 1,α -distance less than δ to a spin manifold (M, g) with k linearly independent Killing spinors with Killing number µ. In particular, M is an Einstein manifold.
Remark 6.3. For µ = 0 and k = 1 this result is analogous to Theorem 1.6. in [AS07] albeit with a different proof strategy.
If we assume µ = 0, then the limit manifold is compact by Myers' theorem. Furthermore, if we remove the diameter bound in M(n, Λ, i 0 , d), we obtain a class of manifolds which is still precompact in the pointed C 1,α -topology. Thus, we conjecture that for µ = 0 the above proposition should also hold without assuming a diameter bound.
It is essential to assume µ = 0 to obtain a compact manifold in the limit. To see this let (S n , g) be the n-sphere with its standard metric on which we can find a nontrivial Killing spinor with Killing number 1 2
. Consider the sequence (S n , j 2 · g) j∈N . This sequence lies in M(n, 1, π). Furthermore, (S n , j 2 · g) admits a nontrivial Killing spinor with Killing number 1 2j
. Then this sequence converges to R n with the standard metric in the pointed C 1,α -topology. In particular, S n is not diffeomorphic to the limit space.
In the case µ = 0, we combine Proposition 6.1 with the results for simply-connected spin c and spin manifolds with parallel spinors in [Mor97] and [Wan89] . Proof. Let δ > 0 be given. Applying Proposition 6.1 with µ = 0 and k = 2 we obtain an ε(n, Λ, i 0 , d, K, δ) such that any irreducible simply-connected spin c manifold satisfying the assumptions of the theorem with this ε has C 1,α -distance less than δ to an irreducible simplyconnected Riemannian manifold (M, g) with two linearly independent parallel spinors.
Since g is at least C 2,α in harmonic coordinates, we can apply [Mor97, Theorem 3.1] and obtain that (M, g) is a spin manifold with two linearly independent parallel spinors. Thus, it is Ricci-flat and by the main result in [Wan89] it is also Kähler.
Applying the Schrödinger-Lichnerowicz formula, we obtain as a corollary a similar result for small Dirac eigenvalues for simply-connected spin c manifolds with nearly non-negative scalar curvature. In addition, the theorem gives a lower bound on the second Laplace eigenvalue for compact irreducible simply-connected spin c manifolds which are not spin. In particular, since Kähler manifolds are even dimensional this shows that compact irreducible simply-connected spin c manifolds of odd dimension cannot have two arbitrary small spinorial Laplace eigenvalues.
If we consider only spin manifolds we can state a similar result for non-simply-connected spin manifolds using [Wan95, Theorem 1].
Theorem 6.5. Let n, Λ, i 0 , and d be given positive numbers. Then for any positive δ, there exists a positive ε = ε(n, Λ, i 0 , d, δ) such that any non-simply-connected locally irreducible spin manifold (M, g) in M(n, Λ, i 0 , d) with λ 2 (∇ * ∇) ≤ ε has a C 1,α -distance less than δ to some Ricci-flat Kähler spin manifold with two nontrivial parallel spinors.
Proof. Proposition 6.2 with µ = 0 and k = 2 already gives us a suitable ε and shows that the limit manifold is non-simply-connected and admits two nontrivial parallel spinors. Thus, applying [Wan95, Theorem 1] finishes the proof.
Again we obtain corollaries for Dirac eigenvalues and a lower bound for the second eigenvalue if the spin manifold is not diffeomorphic to a Ricci-flat Kähler manifold with two nontrivial parallel spinors. This is, in particular, the case for all odd dimensional manifolds.
Next, we pinch Dirac eigenvalues and consider the description of simply-connected spin c and spin manifolds with real Killing spinors in [Mor97] and [Bär93] . Thus, we reformulate Proposition 6.1 for Dirac eigenvalues. This can be done by using the modified Schrödinger-Lichnerowicz formula of Lemma 2.5. For brevity we set
for any positive numbers ε and µ. In addition, we define the notion of µ-Killing type.
Definition 6.6 (µ-Killing type). A spin c manifold (M, g) is of µ-Killing type (p, q) for some positive µ if M admits p linearly independent Killing spinors with Killing number µ and q linearly independent Killing spinors with Killing number −µ.
Proposition 6.7. Let n, Λ, i 0 , d, K, µ, k + , and k − be given positive numbers. Let (M, g) be a spin c manifold in
2 n(n − 1) − ε imply that (M, g) has C 1,α -distance less than δ to some spin c manifold of µ-Killing type (k − , k + ) whose metric is at least C 2,α in harmonic coordinates.
Proof. Assume that the theorem does not hold. Hence, we obtain, similarly to the proof of Proposition 6.1, a subsequence (M, g j , P, A j ) j∈N converging in is an L 2 -normalized almost Killing spinor sequence for µ if λ k is negative and −µ else. We consider only the case λ k (D A j ) < 0 since the other case works similarly. By using the modified Schrödinger-Lichnerowicz formula of Lemma 2.5 we estimate
is an L 2 -normalized almost Killing spinor sequence and Proposition 4.11 applies. After we choose appropriate subsequences the family ϕ 
2 n(n − 1) − ε is at most δ far from a spin manifold of µ-Killing type (k − , k + ) in the C 1,α -norm.
Combining Proposition 6.7 and Corollary 4.2 in [Mor97] , we obtain the following pinching result.
Theorem 6.9. Let n, Λ, i 0 , d, K, and µ be given positive numbers. Then for every δ > 0 there exists an ε = ε(n, Λ, i 0 , d, K, µ, δ) > 0 such that any simply-connected spin
2 n(n − 1) − ε and
admits a C 1,α -distance at most δ to a spin manifold with one resp. two Killing spinors with Killing number ±µ.
Proof. Fix a positive δ. We apply Proposition 6.7 with k + + k − = 1 (resp. 2) and obtain a positive ε such that the limit manifold (M,g) has 1 resp. 2 real Killing spinors. Then [Mor97, Corolary 4.2] implies that this has to be a spin manifold.
This theorem immediately proves the existence of a lower bound on the first, resp. second small Dirac eigenvalue, in the sense that it is close to the Friedrich bound, for any simply-connected spin c manifold which is not spin.
Combining this theorem with the geometric description of spin manifolds with real Killing spinors in [Bär93] , we generalize Theorem 5.12 in [Var07] to simply-connected spin c manifolds.
Theorem 6.10. Let n, Λ, i 0 , d, K and µ be given positive numbers. Then for every δ > 0 there is an ε = ε(n, Λ, i 0 , d, K, µ, δ) > 0 such that any simply-connected spin c manifold (M, g) ∈ M S 1 (n, Λ, i 0 , d, K) with inf (M,g) (Scal −c n |Ω| g ) ≥ 4µ
2 n(n − 1) − ε and i) |I Proof. Fix a positive δ. By Proposition 6.7 we obtain a positive ε such that (M, g) is δ-close to a spin c manifold (M,g) which is of the respective µ-Killing type in the C 1,α -topology. With Corollary 4.2 of [Mor97] , it follows that (M,g) is in fact a spin manifold of the respective µ-Killing type. Then by [Bär93, Theorems 1 to 5 ] (M,g) has to be the sphere with sec = 4µ 2 .
As before, we find a lower bound on the Dirac eigenvalues for all simply-connected spin c manifolds not diffeomorphic to the sphere. Recall that a spin manifold M admitting at least one nontrivial real Killing spinor is positive Einstein. Thus, M and its universal covering are compact by Myers' theorem. Applying this fact, we reformulate [Var07, Theorem 5.4 .1] to all spin manifolds and all Killing numbers µ. Proof. Fix a positive δ. Then by Corollary 6.8 there is a positive ε such that any spin manifold (M, g) is δ-close to a spin manifold (M, g) of the respective µ-Killing type in the C 1,α -topology. Since g is a positive Einstein metric, the universal covering manifoldM is compact and has at least the same µ-Killing type as (M, g). Then [Bär93, Theorems 1 to 5] applied toM finishes the proof.
The first nontrivial Killing number
As another interesting application of the methods used in Proposition 6.1 we obtain a lower bound on the absolute value of non-vanishing Killing numbers of spin manifolds in M(n, Λ, i 0 , d). This is achieved by using [DWW05, Theorem 3.1] which states that if a compact simplyconnected spin manifold (M, g) admits a parallel spinor, there is a neighborhood U of g in the space of smooth Riemannian metrics on M such that there exists no metric of positive scalar curvature in U. Proof. By assuming the theorem to be wrong we obtain a sequence of spin manifolds (M j , g j ) each of them admitting an L 2 -normalized Killing spinor ϕ j with Killing number 0 < |µ j | ≤ ε j for a vanishing sequence (ε j ) j∈N .
This sequence consists only of positive Einstein manifolds. Hence, there is a subsequence (M, g j ) such that the sequence (g j ) j∈N converges to a metric g in the C ∞ -topology by Theorem 4.6. Denote by (M,g j ) the universal covering of (M, g j ) for each j. Since for each j, (M, g j ) is a positive Einstein manifold,M is compact. Note that (g j ) j∈N converges in the C ∞ -topology as (g j ) j∈N does so. Furthermore, each (M,g j ) admits an L 2 -normalized Killing spinor with Killing number 0 < |µ j | ≤ ε i .
As ϕ j is a Killing spinor with Killing number µ j it follows that ∇ j * ∇ j ϕ j = µ 2 j nϕ j . Thus, (ϕ j ) j∈N is an L 2 -normalized almost Killing spinor sequence for µ = 0. Therefore, (M ,g j ) converges in C ∞ to a spin manifold (M ,g) with a nontrivial parallel spinor.
By [DWW05, Theorem 3.1] there is an open neighborhood U around g in the space of smooth Riemannian metrics onM which contains no metric of positive scalar curvature. But since (g j ) j∈N converges in the C ∞ -topology tog there is an J > 0 such thatg j ∈ U for all j > J. This contradicts the assumption on U since the sequence (g j ) j∈N consists only of metrics of positive scalar curvature.
